The perturbative prepotential and the Kähler metric of the vector multiplets of the N=2 effective low-energy heterotic strings is calculated directly in N = 1 sixdimensional toroidal compactifications of the heterotic string vacua. This method provides the solution for the one loop correction to the N=2 vector multiplet prepotential for compactifications of the heterotic string for any rank three and four models, as well for compactifications on K 3 × T 2 . In addition, we complete previous calculations, derived from string amplitudes, by deriving the differential equation for the third derivative of the prepotential with respect of the usual complex structure U moduli of the T 2 torus. Moreover, we calculate the one loop prepotential, using its modular properties, for N=2 compactifications of the heterotic string exhibiting modular groups similar with those appearing in N=2 sectors of N=1 orbifolds based on non-decomposable torus lattices and on N=2 supersymmetric Yang-Mills.
Introduction
One of the most important aspects of string dualities involve comparisons of the effective actions between N = 2 compactifications of the ten dimensional heterotic string to lower dimensions and type II superstrings. A key future for testing these dualities is the use of prepotential, which describes the N = 2 effective low energy theory of vector multiplets in a general supergravity theory.
Guidance in working, with the vector multiplet heterotic prepotential at the string theory level, comes form similar results from N = 2 supersymmetric Yang-Mills [1] . At the level of N = 2 supersymmetric SU(r + 1) Yang-Mills the quantum moduli space was associated [2] with a particular genus r Riemann surface parametrized by r complex moduli and 2r periods (α D i , α). When matter is not present it allows for generic values of the scalar field of the theory to be broken down to the Cartran sub-algebra and it is described from r N = 2 abelian vector supermultiplets. The theory is dominated from the behaviour of as an appropriate family of a meromorphic one-forms associated with λ,
Here, α i , β i form a basis 2 of the homology cycles of the hyperelliptic curve which has the same moduli space as N = 2 supersymmetric Yang-Mills theory. This means that the metric on the moduli space of supersymmetric Yang-Mills is identified with the period matrix of the hyperelliptic curve. We have to notice that the gauge group is always abelian and the classical enhancement symmetry point is absent from the theory. Only the weak coupling point is included in the theory, making perturbative calculations for supersymmetric YangMills reliable only in this area of moduli space. The general picture emerging from the study of the supersymmetric Yang-Mills is that the vacuum expectation values of the Higgs fields break the theory to its maximal abelian subgroup. In addition, the exact theory is always in the Higgs phase missing the perturbative point where the non-abelian gauge symmetry is restored.
Lets us now return in string theory to see, how the picture of supersymmetric YangMills is modified and moreover, its connection to the prepotential and the one loop Kähler metric in N = 2 compactifications of the heterotic string. Various equivalences between the different theories have been proposed and the picture emerging is that the different string theories are expansions of a more fundamental theory around different points in the moduli space of string vacua. We mention string-string duality, where type IIA compactified on K 3 manifold with N = 4 supersymmetry has the same moduli space as the heterotic string on a T 4 torus [51, 52, 53, 54, 48, 50] involved in the compactification of type IIB on the Calabi-Yau space, is then identified [40] with the extremal three brane black hole becoming massless. In analogy with SW theory, the three-brane becomes massless when the associated cycles vanish. The appearance of the singularity, when the corresponding 3-cycles along the 3-surfaces vanish, is then identified with the existence [40] of a massless black hole solution in the metric of type IIB for the 3-brane. However now, the singularity is not a weak coupling singularity but a strong coupling singularity. This is the analog of Seiberg-Witten appearance of the massless monopole singularity in type IIB. Here we have to remind that study of heterotic string theory, analog of Seiberg-Witten theory, nessessarily involves the calculation of the one loop prepotential and the one loop Kähler metric since effective gauge couplings in N=2 supergravity [56] depend on the moduli of the vector multiplets only. Later, in section five, we will derive the general equation describing the prepotential of N = 2 compactifications of a heterotic rank three model which has a dual pair, in the sence of [38] , described by a IIB model compactified on a Calabi-Yau.
In this work we are interested, among the web of dualities, only in the proposal of [38, 39] which provided evidence for the exact nonperturbative equivalence of dual pairs, the heterotic string compactified on K 3 × T 2 , with IIA compactified on a Calabi-Yau threefold. The proposal identifies the moduli spaces of heterotic string and its dual IIA as , where the subscripts refer to vector multiplets and hypermultiplets respectively. In other words, for models which are dual pairs, the exact prepotential for the vector multiplets, including perturbative and non-perturbative corrections is calculated from the IIA side, where the tree level result is exact. On the contrary, if we want to calculate the exact hypermultiplet prepotential this is calculated from the heterotic string on K 3 × T 2 . This is exactly Strominger's proposal that the absence of neutral perturbative couplings between vector multiplets and hypermultiplets survives nonperturbative string effects. In this sence the complete prepotentials for the vector multiplets for the two "different" theories match, including perturbative and non-perturbative corrections, and F het = F IIA . Compactification of the heterotic string on K 3 × T 2 and of type IIA on a Calabi-Yau threefold produce models with N=2 supersymmetry in four dimensions. These models have been tested to be dual to each other, at the level of effective theories, and for low numbers of h (1, 1) vector multiplet moduli [38] . By using mirror symmetry, we can map the vector multiplet sector of IIA to its mirror type IIB h (2,1) complex structure moduli space 6 . The procedure then concentrates in the comparison of the complex structure moduli [96] effective theories, of type IIB, with N = 2 heterotic compactifications of rank three or four models [38, 98] . In this sence, in type IIB the result for the effective gauge coupling ∝ log(Z) is exact to all orders of perturbation theory, since the dilaton in type IIB belongs to the hypermultiplet sector and are no couplings allowed between [116] vector multiplets and hypermultiplets.
The singularity structure of the Calabi-Yau can help us to produce transitions between different vacua by changing the Hodge numbers of the manifold. Note, that for a CalabiYau space exploring the Higgs transitions at the conifold singularities can produce extremal transitions between different Calabi-Yau vacua [42, 43, 44] . Exploring singularity transitions in heterotic string compactified in K 3 ×T 2 , can produce dual models, whose Hodge numbers match known type II models on Calabi-Yau three folds. This was confirmed with the construction of such duals in [66] .
In section four, we will calculate the one loop correction to the perturbative prepotential of the vector multiplets for the heterotic string compactified on a six dimensional orbifold.
It comes from the general solution from the one loop Kähler metric [57, 10] . The one loop correction to the perturbative prepotential has already been calculated before in [57] from string amplitudes. Our procedure is complementary to [57] since we calculate, contrary to [57] where the third derivative of the prepotential with respect to the T moduli was calculated, the third derivative of the prepotential with respect to the U moduli. The logarithmic singularity, consequence of the gauge symmetry enhancement at a specific point in the moduli space do appear in the prepotential and the Kähler metric.
Furthermore, we establish a general procedure for calculating one loop corrections to the one loop prepotential, not only for N = 1 six dimensional heterotic strings toroidally compactified on four dimensions, which has important implications for any compactification 6 Application of the mirror symmetry on the type IIB interchanges three-cycles with two cycles and three-branes with two branes.
of the heterotic string having(or not) a type II dual. This procedure is an alternative way to the calculation of the prepotential which was performed indirectly in [34] via the effective gauge couplings.
In this work we will continue the work of [10, 56, 57] . We will calculate directly the integral representation of N = 2 vector multiplet prepotential of toroidal compactifications of the heterotic string 7 . The one loop Kähler metric in the moduli space of vector multiplets of toroidal compactifications of N = 1 six dimensional orbifold [114] compactifications [62, 80] of the heterotic string follows directly from this result.
In section two we will describe general properties of N = 2 heterotic strings. In addition,
we describe properties of the moduli space of compactification of the heterotic string on a K 3 × T 2 manifold. In addition, we describe elements of the special Kähler geometry describing N = 2 locally sypersymmetric theory of the heterotic string with emphasis on the couplings of vector multiplets.
In section three we will describe our results for the case of toroidal compactifications of N=1 six dimensional orbifold compactification of the heterotic string, where the underlying torus lattice does not "decompose" as T 2 ⊕ T 4 , the T 4 could be an orbifold limit of K 3 .
The moduli of the unrotated complex plane, e.g T 2 with a shift, has a modular symmetry group that is a subgroup of SL(2, Z). In particular, we consider this modular symmetry, e.g Γ 0 (3), to be one of those appearing in N = 2 sectors non-decomposable N = 1 orbifold compactifications [13, 12] .
In section four we describe our results for the one loop prepotential of toroidal compactification of the N = 1 six dimensional heterotic string to four dimensions. In the description of calculating the prepotential of vector multiplets from string amplitudes we will follow the work of [57, 10] . We use string amplitudes to calculate directly the one loop prepotential via its relation to the one loop Kähler metric. The calculation comes from the use of string amplitudes of [10, 57] . Automatically this calculates one-loop corrections to the Kähler metric for the moduli of the usual vector multiplet T, U moduli fields of the T 2 torus appearing in N = 2 (4, 4) compactifications of the heterotic string. The calculation 7 However, due to factorization properties of the T 2 subspace of the heterotic Narain lattice and instanton embedding independence into the gauge bundle over K 3 , the same result can be applied to any heterotic string compactification on K 3 × T 2 for any rank four models.
on the quantum moduli space takes into consideration points of enhanced gauge symmetry.
In section five we describe our results for the N = 2 prepotential of any rank three compactifications of the heterotic string. A general result [73] 
Properties of N = 2 heterotic vacua

Generalities
In the next section we will calculate the perturbative prepotential using its modular properties for a class of models, possible orbifold limits of K 3 , whose modular group is similar to those appearing N = 2 sectors of N = 1 (2, 2) symmetric non-decomposable orbifolds. The list of (2, 2) vacua includes the Calabi-Yau compactifications [95] , orbifolds [17, 18] , tensor products of minimal models [4] or generalizations [5] . For abelian (2, 2) orbifolds constructed by twisting a six dimensional torus, the point group rotation is accompanied by a similar rotation in the gauge degrees of freedom. The four dimensional gauge group in this case is enlarged beyond G = E 6 ⊗ E 8 by a factor that can be a 9. Twisted moduli are not neutral with respect to G and are not moduli of the orbifold.
On the other hand N = 1 orbifold compactifications of the ten dimensional heterotic string have, in four dimensions, N = 1 and N = 2 sectors twisted sectors. The geometry of those N = 2 sectors is described from special geometry, which will be desribed in the following.
Abelian (2, 2) orbifolds can flow to a Calabi-Yau vacuum, by blowing up the twisted moduli fields, giving them vacuum expectation values [6] . The N = 2 sectors exhibit modular groups which are similar to those appearing to N = 2 supersymmetric Yang-Mills with number of hypermultiplets zero or two [81, 82] .
Of particular interest in this work is the N = 2 toroidal compactifications of the six dimensional heterotic vacua. The moduli of the two torus is parametrized from the relations
, where G ij is the lattice metric of the T 2 , √ G is determinant and B the constant antisymmetric tensor background field. The moduli T, U represent the scalar components of two N = 2 vector multiplet fields in four dimensions.
At the classical level, moduli are described by a flat potential [3, 28, 27 ] to all orders of perturbation theory. Compactifications of the heterotic string in four dimensions with N = 2 supersymmetry involve a U(1) × U(1) gauge group from the untwisted T 2 subspace.
The T, U moduli subspace, exhibits an SL(2, Z)
classical duality group, and corresponds to the coset space SO(2,2) SO(2)×SO (2) | T,U . The same type of moduli appears when we further compactify [62, 34] , the N = 1 six dimensional heterotic string compactified on the manifold K 3 , on a two torus. The gauge group associated with the two torus can be futher enhanced at special points in the moduli space, namely the T = U line the gauge group becomes enhanced to SU(2) × U(1). It can become enhanced to SO(4) or SU(3) 
where the first factor corresponds to the complex dilaton D S. For our case, the classical duality group comes with r = 2. Here, O(2, 2; Z) is the target space duality group. The theory enjoy the non-trivial global invariance i.e identifications under target space duality symmetries [101, 7] the P SL(2, Z) T ×P SL(2, Z) U dualities acting as
The same vector multiplet, as eqn.(2.1) appears for generic (4, 4) × R + , where R + is associated [48] with the volume of K 3 .
Adding the moduli coming from deformations of the antisymmetric tensor we get the moduli space of hypermultiplets [105] resulting from a Kähler potential of the form
3)
The spectrum of N = 2 heterotic strings in four dimensions contains, among other fields, the dilaton D and the antisymmetric tensor 11 and the graviton. The axion is subject to the discrete Peccei-Quinn symmetry to all orders of perturbation theory. Since the axion is connected through a duality transformation to the antisymmetric tensor field, whose vertex 10 For a review of N = 2 heterotic strings see [56] .
11 connected to the axion via a duality transformation operator decouples at zero momentum, this means that every physical amplitude involving B µν at zero momentum is zero. As a result the effective theory of the heterotic superstring is independent of the field B µν at zero momentum and the coupling of field appear only through its derivative. The dilaton and the axion belong to a vector multiplet. Since the axion couples to the dilaton D via the complex scalar S, which we will refer next as the dilaton, we conclude that any dependence of holomorphic quantities, e.g the Wilsonian gauge couplings, will be through the combination S +S. However, these arguments are not valid non-perturbatively. As a result the non-perturbative corrections to the prepotential of N = 2 compactifications of the heterotic string depend on S. However, they will be of no particular interest to us, since we will discuss the one loop correction to the prepotential at the semiclassical limt S → ∞.
The prepotential for the classical moduli space of vector multiplets reads
while the values of the moduli are identified as
with the remaining X I , C a = −iX a+P +3 /X 0 , a = p+4, . . . , n correspond [56, 111] to matter scalars. Matter scalars are members of the hypermultiplets while the scalars in the Cartran subalgebra of the non-abelian gauge group of the heterotic vacuum can be used to break the gauge group.
Fron the values of the moduli previously given, it follows that the the Kähler potential
When we consider toroidal compactification of the N=1 six dimensional heterotic string in four dimensions then the Taking into consideration string loop corrections [108] , according to the conventions of this and the next section the Kähler potential reads
where the Green-Schwarz term mixes the dilaton with the moduli.
One loop prepotential -perturbative aspects
Since we have finish our discussion of the general properties of the N = 2 heterotic strings, we will now discuss the calculation of perturbative corrections to the one loop prepotential. We are interested on those heterotic strings which exhibit modular groups similar to those appearing in the calculation of thresholds corrections in non-decomposable [13] N = 1 symmetric orbifolds [12] .
Let us expand at the moment the expression of eqn.(2.4) around small values of the non moduli scalars C a as in (2.6)
The function h (1) , the one loop correction to the perturbative prepotential, enjoy a nonrenormalization theorem, namely it receives perturbative corrections only up to one loop order. Its higher loop corrections, in terms of the 1/(S +S), vanish due to the surviving of the discrete Peccei-Quinn symmetry to all orders of perturbation theory as a quantum symmetry.
In that case, under target space duality
we get
and a similar set of transformations under P SL(2, Z) U . The net result is that ∂
is a singled valued function of weight −2 under U-duality and 4 under T-duality.
The prepotential for N = 2 orbifold compactifications of the heterotic string [62, 97, 13] .
was calculated, from the use of its modular properties and singularity structure in [56] .
Here, we adopt a similar approach to calculate the prepotential of vector multiplets. We discuss the calculation of the prepotential for the case where the moduli subspace of the Narain lattice associated with the T, U moduli exhibits a modular symmetry [12, 29, 30] group
The same modular symmetry group appears [12] in the N = 2
sector of the N = 1 (2, 2) symmetric non-decomposable Z 6 orbifold defined on the lattice
SU(3) ×SO(8).
In the third complex plane associated with the square of the complex twist (2, 1, −3)/6 the mass operator for the untwisted subspace was given 12 to be
Let us forget the N = 1 orbifold nature of the appearance of this N = 2 sector. Then its low energy supergravity theory is described by the underlying special geometry. The question now is if calculating the prepotential using its modular properties and the singularity structure, as this was calculated for decomposable 13 orbifold compactifications of the heterotic string [56] , has any type II dual realization. We believe that it is the case. In the analysis of the map between type II and heterotic dual supersymmetric string theories [96, 69] it was shown that subgroups of the modular group do appear. In particular some type II compactified on the Calabi-Yau three folds [38] , were shown [69] to correspond in one modulus deformations of K 3 fibrations. The modular symmetry groups appearing [96] are all connected to the Γ o (N) + , the subgroup of the P SL(2, Z), the Γ o (N) group together with the Atkin-lehner involutions T → −1 N T
. We expect that the same prepotential, beyond describing the geometry of the N = 2 sector of Z 6 in exact analogy to the decomposable case, may come form a compactification of the heterotic string on the K 3 × T 2 . An argument that seems to give some support to our conjecture was given in [73] . It was noted by Vafa and Witten that if we compactify a ten dimensional string theory on T 2 × X, where X any four manifold, acting with a Z 2 shift on the Narain lattice we get the modular symmetry
In this respect it is obvious that our calculation of the prepotential may come from a shift in a certain Narain lattice of T 2 . We suspect that this is a Z 3 shift.
Furthermore, if we adopt N=2 conventions [81] in the study of dyon spectrum of N = 2 supersymmetric Yang-Mills, the quantum symmetry groups
respectively with corresponding monodromy groups Γ o (4), Γ o (4). function. This quantity is given by ω(T ), where ω(T ) is given explicitly by
and represents the hauptmodul for Γ 0 (3), the analogue of j invariant for SL(2, Z). It is obviously automorphic under Γ 0 (3) and possess 14 a double pole at infinity and a double zero at zero. It is holomorphic [115] in the upper complex plane and at the points zero and infinity has the expansions
at ∞ and 0 respectively with t = e −2πT .
In full generality, the hauptmodul functions for the Γ 0 (p) are the functions [24, 26] 
(3.8)
Here, p = 2, 3, 5, 7 or 13 and r = 24/(p − 1). For these values of p the function in eqn. (3.8) remains modular invariant, i.e it is a modular function. The hauptmodul functions for the group Γ 0 (p) are represented by
The function ω o (3) has a single zero at zero and a single pole at infinity. In addition, its first derivative has a first order zero at zero, a pole at infinity and a first order zero at i √ 3. The modular form F of weight k of a given subgroup of the modular group P SL(2, Z) = SL(2, Z)/Z 2 is calculated from the formula
Here, ν p the order of the function F, the lowest power in the Laurent expansion of F at p.
The index µ for Γ o (3) is calculated from the expression [115] [Γ :
equal to four. The width at infinity is defined as the smallest integer such as the transformation z → (z + α) is in the group, where α ∈ Z. The width at zero is coming by properly transforming the width at infinity at zero. For Γ o (3) the width at infinity is 3
and the width at zero is 1. The holomorphic prepotential can be calculated easily if we examine its seventh derivative. The seventh derivative has modular weight 12 in T and 4 in U. In addition, it has a sixth order pole at the T = U point whose coefficient A has to be fixed in order to produce the logarithmic singularity of the one loop prepotential. As it was shown [57, 56] the one loop prepotential as T approaches
, where g is an
The seventh derivative of the prepotential is calculated to be
where X(T ) a meromorphic modular form with modular weight 12 in T. The complete form of the prepotential is
The two groups Γ o (3) and Γ o (3) are conjugate to each other. If S is the generator
So any statement about modular functions on one group is a statement about the other.
We have just to replace everywhere ω(z) by ω(3z) to go from a modular function from the
. In other words, the results for the heterotic prepotential with modular symmetry group Γ o (3) may well be describe the prepotential to the conjugate modular theory.
We have calculated the prepotential of a heterotic string with a
classical duality group. The same dependence on the T, U moduli and its modular symmetry group appears in the Θ 2 N = 2 sector of the Z 6 orbifold defined by the action of the complex twist Θ = exp[ In general one expects (d sij ) = diag(+, −, . . . , −, 0, . . . , 0), where the non zero entries correspond to the moduli from the generic K 3 fibre [37] . The zero entries correspond to singular fibres, fibers which degenerate at points in the moduli space to non K 3 surfaces like a smooth manifold, and correspond to the heterotic side to strong coupling singularities [94, 25] seen non-perturbatively [67] . Because of the maximum number of K 3 moduli 20, the number of generic fibers is constrained to be less than 20. For heterotic We believe that the nature of the lattice twist of non-decomposable orbifolds is such that its form when acting on the N = 2 planes may correspond to orbifold limits 16 of K 3 . In this phase, the K 3 surface can be written as an orbifold of T 4 . The fixed points of T 4 under the orbifold action are the singular limits of K 3 because the metric on the fixed point develops singularities. The singularities of K 3 follow an ADE classification pattern. In fact, because at the adiabatic limit [73] , we can do even the reverse, we can map the type II phase to the heterotic one. In the limit where the base of the fibration has a large area, but the volume of the K 3 fiber is of order one, we can replace the K 3 fibers in the heterotic side with T 4 fibers. In this form, the heterotic string description is replaced by T 4 fibers, namely the Narain lattice Γ 20,4 .
4.
One loop correction to the prepotential from string amplitudes
In this section we review general properties involved in the calculation of the one loop
Kähler metric and the one loop prepotential.
16 C. Kounnas has suggested to me that some of them might correspond to freely acting orbifolds.
One loop contribution to the Prepotential/ Kähler metric
Preliminaries -Rank four models
The one-loop Kähler metric for orbifold compactifications of the heterotic string, where the internal six torus decomposes into T 2 ⊕ T 4 , was calculated in [10] . In this section, we will use the general form of the solution for the one loop Kähler metric appearing in [10, 57] to calculate the one loop correction to the prepotential of N=2 orbifold compactifications of the heterotic string. While the one loop prepotential has been calculated with the use of string amplitudes in [57] ) via its third derivative with resoect to the T moduli, here we will provide an alternative way of calculating the one-loop correction [56, 57] to the prepotential of the vector multiplets of the N=2 orbifold compactifications of the heterotic string. For the calculation of the one-loop contribution to the Kähler metric we use the linear multiplet formulation [102, 10] and not the chiral formulation. Note that both formulations are equivalent, since the linear multiplet can always be transformed in to a chiral multiplet by a supersymmetric duality transformation.
In the superconformal formalism [103] , the action for the linear multiplet is given up to one loop order by
where now the gauge kinetic function is given by G (o) (z,z) + lG (1) (z,z). The vev of l is the four dimensional gauge coupling constant g 2 . Here,L is the real linear multiplet satisfying
Eqn.(4.1) does not have the the gravitational kinetic energy ∝ R term to its canonical form. Instead, the chiral compensator field is used to properly normalising its coefficient, procedure which fixes the value of the compensator field. The advantage of using the linear multiplet instead of the chiral multiplet is that it provides an easy way of calculating [10] one loop corrections to the Kähler metric. An easy way to see this comes from the following equation 17 , which includes the bosonic kinetic energy terms,
The last term in eqn.(4.2) reveals that the one loop correction to the Kähler metric G z,z will come by calculating the CP-odd part of the amplitude between the complex scalars and the antisymmetric tensor b
Here, G is the Kähler metric and h µ = The amplitude receives contributions only from N=2 sectors. We are not considering contributions to the Kähler metric which arise from N = 1 sectors, since these contributions arise only in N=1 orbifold compactifications of the heterotic string. Here, we are only interested in the geometry underlying the N = 2 sectors. Remember, than in general string amplitudes involve not only diagrams that can be characterized 1PI diagrams in comparison with the corresponding effective field theory diagrams. Rather, they include one-particle reducible ones. Integrating out heavy fields in effective field theories leaves terms associated with non-renormalizable interactions. In string theory, integration of massive states produces holomorphic quantities in the effective string action. The presence of additional massive fields becoming massless in a region of moduli space, produces nonholomorphic quantities, e.g a logarithmic singularity at weak Wilsonian gauge coupling [19] .
Lets us suppose that the internal six dimensional lattice decomposes into T 2 ⊕ T 4 . The T 4 part of the lattice, may represent an orbifold limit [97, 62] of K 3 while the T 2 part, which contains the usual T, U moduli may contain 18 a lattice shift, necessary for modular invariance. In this subspace of the Narain moduli space, we want to calculate the moduli dependence of the one loop correction to the prepotential. Denote the untwisted moduli from a N = 2 sector by P, where P can be the T or U moduli parametrizing [7] the two dimensional unrotated plane. Then the one loop contribution [10] to the Kähler metric is given by
Here, the integral is over the fundamental domain, and the factor − 1 (P −P ) 2 is the tree level 18 As it happens in N = 2 (4, 0) models [57, 62] .
. Z is the partition function of the fixed torus
and P L , P R are the left and right moving momenta associated with this plane. F (τ ) is a moduli independent meromorphic form 19 of weight −2 with a single pole at infinity due to the tachyon at the bosonic sector. The function F was fixed in [57] to be 6) where j the modular function for the group SL(2, Z). The function F (τ ) is actually the index in the Ramond sector in the in the remaining superconformal blocks. With the use of the relations between E 4 , E 6 , △ and j, appearing in the Appendix, we can easily see that F becomes
Prepotential of vector multiplets/Kähler metric
The convention for the complex dilaton is < S >=
where g s is the four dimensional string coupling and the θ angle. For the calculation of the prepotential of the vector multiplets we will will follow the approach of [57] . Recalling the general form of the Kähler potential
In the following we will neglect the non-perturbative contributions f N P to f. The lagrangian In this form the Kähler potential has an expansion as The quantity G (1) is identified with the Green-Schwarz term at the semiclassical weak coupling limit S → ∞. Expanding (4.11)
Using the equations for the momenta
we can prove that I satisfies [10] the following differential equation
The integral representation of eqn.(4.14) is a total derivative with respect to τ and thus zero. However, the integral can give non-vanishing contributions at the enhanced symmetry points T =U.
The general solution of (4.14) away of the enhanced symmetry points is[57]
Note that f represents the one-loop correction to the prepotential of the vector multiplets T, U and determines via eqn.(4.12) the one loop correction to the Kähler metric for the T, U moduli. While f T T T was calculated for N = 2 compactifications of the heterotic string in D = 4 through its modular properties [56] and from string amplitudes [57] , f could only be calculated indirectly [34] . Up to now the only way of calculating f for heterotic string compactifications was indirectly [34] , through the one loop corrections to the Wilsonian gauge couplings [21, 22, 11] in the form
Here, △ is given by [87, 88, 89, 16 ]
where the trace is over the R-R sector, T a is the gauge group generator of the gauge group factor G a , F is the worldsheet fermion number. In addition, K 
where M L , M R are the masses for the left and right movers and △ is defined in terms of gauge couplings as 4π
In [57] it was shown function f (T, U) of (4.15) satisfies the differential equation 20) where
is the covariant derivative. Expansion of the l.h.s and integration by parts results in For N=2 heterotic strings compactified on decomposable orbifolds f T T T was found to be [57] 
In [56, 57] f T T T was determined by the property of behaving as a meromorphic modular form of weight 4 under T-duality. In addition, f T T T had to vanish at the order 2 fixed point U=i and the order 3 fixed point U=ρ of the modular group SL(2, Z). Moreover, it had to transform with modular weight −2 under SL(2, Z) U transformations and exhibit a singularity at the T =U line.
Here, we will complete this picture by giving more details of the calculation. Lets us denote the function with modular weight 4 under T-duality F (4) (T ) and the function with modular weight -2 under U-duality and the singularity at T =U by F (−2) (U). Then we must have
As we can regognize F (4) (T ) is the E 4 (T ) function which is part of the basis of the modular forms for the group SL(2, Z). Moreover, F (−2) (U) can be rewritten in turn as
The terms appearing in eqn.(4.24) represent 25) where the standard theorems of modular forms predict
The function E 4 has a zero at T =ρ, and E 6 has a zero at T =1. . This therefore fixes the numerical coefficient in front of
, we get the correct result eqn. (4.22).
The prepotential f U U U
The prepotential function for the f U U U can be obtained by the replacement T ↔ U but we prefer to find it from the equation for f U U U . By taking appropriate derivatives on (4.15) we find 27) or equivalently
, the covariant derivative with respect to U variable. It transforms with modular weight 2 under SL(2, Z) U modular transformations, namely
We should notice here, that because of the symmetry exchange T → U, the result for f U U U may come directly from (4.22) , by the replacement T → U. However, this can be confirmed by the solution of (4.27). By using the explicit form of the expression (4.4) and the values of the lattice momenta (4.13), we evaluate the right hand side of (4.27) as
Further integration by parts, with the boundary term vanishing away from the enhanced symmetry points, gives
(τ )
Using now, the modular transformations of the momenta
we can see that f U U U transforms correctly, as it should, that is modular weight 4 under SL(2, Z) U and −2 under SL(2, Z) T . In addition, we can observe, in analogy with f T T T , that (4.31) possesses a simple pole at T = U. The f U U U function has similar modular properties, equivalent under the exchange monodromy transformation symmetry of f, and singularity structure as f T T T .
As a result, f U U U takes the form
with Ψ(U) a meromorphic modular form of weight 4 in U. The T dependent part of f U U U is a meromorphic modular form of weight −2 and has a singularity at the point T = U.
From the integral representation of f U U U , eqn. (4.30) we can see that at the limit T → ∞, f U U U → 0, which means that Ψ(U) is holomorphic anywhere. Finally, we get
Lets us check the behaviour of (4.34) away and at the fixed points. Away form the fixed points, e.g when U →T = aT +b cT +d , f U U U exhibits a singularity 
Exactly, when T is one of the fixed points of the modular group SL(2, Z), f U U U vanishes.
The presence of the logarithmic singulariry in the one loop corrections to f gives rise to the generation of the discrete shifts in the theta angles due to monodromies around semiclassical singularities in the quantum moduli space where previously massive states become massless [1, 56] .
The one loop prepotential f
The one-loop contribution to the Kähler metric can be calculated through an equation different than eqn. (4.20) . Expanding (4.15) appropriately, we get
Acting with the appropriate derivatives on the left hand of (4.37) the following identity holds: 38) or in the symmetric form The integral representation of (4.38), after using the explicit form of momenta (4.13),
where we have used the identity
and the relations
We can easily see that the one loop prepotential has the correct modular properties, it transforms with modular weight 4 in T and −2 in U. Eqn. Compactifications of the heterotic string on K 3 × T 2 , appears to have the same moduli dependence on T and U moduli, for particular classes of models [57, 38, 69, 66] . Formally, the same routine procedure, namely taking the derivatives with respect to the conjugate T and U moduli on I, can be applied to any heterotic string amplitude between two moduli scalars and antisymmetric tensor, in order to isolate from the general solution (4.38) the term f (T, U). The solution for f T T T in eqn.(4.22) was derived for N = 2 compactification of the heterotic strings in [57] via the modular properties of the one loop prepotential coming from the study of its integral representation (4.21). Specific application for the model based on the orbifold limit of K 3 , namely T 4 /Z 2 , equivalent to the SU(2) instanton embedding (24, 0), was given in [34] . At the orbifold limit of K 3 compactification of the heterotic string the Narain lattice was decomposed into the form Γ 22,6 = Γ 2,2 ⊕ Γ 4,4 ⊕ Γ 16,0 . It was modded by a Z 2 twist on the T 4 part together with a Z 2 shift δ on the Γ (2,2) lattice. For reasons of level matching δ 2 was chosen to be 1/2. The unbroken gauge group for this model is
By an explicit string loop calculation via the one loop gauge couplings in [34] , from where the one loop prepotential was extracted with an ansatz, they were able to calculate the third derivative of the prepotential. The latter result was found to agree with the corresponding calculation in [56, 57] , which was calculated for the S-T-U subspace of the vector multiplets of the orbifold compactification of the heterotic string.
Here, we will check part of this result. In particular, we will confirm the moduli dependence coming from the trilogarithm, for the case of SU (2) instanton embeddings [75, 15] (12, 12), (10, 14) , (11, 13) and (24, 0) for which the index in the Ramond sector takes the same value.
In reality,F (τ ) is the trace of F (−1) in the form
where F is the right moving fermion number. This is exactly, the value of our index in eqn. (4.7) except for our normalization factor of 1/(2π) 2 which accounts for the linear representation for the dilaton.
Expanding I we get that
We remind here that its a general remark that the index can be easily determined using, the theory of modular forms, its modular properties and singularity structure alone.
Specific tests of dual pairs were performed, in the spirit of [34] , in [86, 90, 91, 92, 93] .
The low energy N = 1 supergravity of type I and heterotic string theories is subject to anomalies coming from hexagon diagrams which prevent it from describing an anomaly free string theory. In this case anomalies are cancelled [79, 78, 36] by the addition of appropriate counterterms which modify the supersymmetry structure. Similarly, in six dimensions the total anomaly is associated to the eight form
whereθ 1 ,θ 2 ,θ 3 ,θ 4 are numbers depending on the spectrum [77, 80] of the theory. Cancellation of the anomaly requiresθ 1 = n H − n V + 29T − 273 = 0, where n V , n H , n T are the numbers of vector multiplets, hypermultiplets and antiselfdual tensor multiplets respectively. 21 Especially, for the S-T-U models the contribution to the index from the different instanton embeddings [86] from the specific instanton embeddings.
-25-Because in six dimensions we have one tensor multiplet [58, 60, 59, 61] , which incorporates the dilaton, a Weyl spinor and an antiself-dual antisymmetric tensor, the last constraint becomes n H − n V = 244. Now Green Schwarz mechanism factorization of anomalies is at work with
Cancellation of anomalies requires modification of the antisymmetric field stregth H as
Here, ω L , ω Y M are the Yang-Mills and Lorentz Chern-Simons three forms, A the gauge field, R the Riemann tensor and ω the spin connection. However, because H is globally defined on K 3 , K 3 dH = 0. As a result, we get that the following constraint has to be satisfied. a n a = 24, n a =
Here, the instanton number n a becomes equal to the Euler number of K 3 . Intially, in ten dimensions the unbroken group is E 8 × E 8 × U (1) 4 , where the U(1)'s are associated with the T 2 and the graviton and the graviphoton. The spectrum can be derived from index theory [38, 77] . The spectrum of the theory after compactification on K 3 × T 2 can be calculated [77] using index theory. The gauge group G can be broken to a subgroup H, by vacuum expectation values of K 3 gauge fields in G, where H × G ⊂ G. The gauge group G breaks into the subroup H, which is the maximal subgroup commuting with the G subroup, the commutant of G. We perform the decomposition adjG = i (R i , M i ), where R i , M i representations of the gauge groups H and G respectively. Then the number of left-handed spinor multiplets transforming in the R i representation of H is given by
where V is the G bundle parametrizing the expectation values(vev's) of the vacuum gauge fields on K 3 . By c 2 (V ) we denote the second Chern class of the gauge bundle V and dim i the dimension of the representation i. In addition, the dimension of the moduli space of gauge bundles is 4h a − dim(G a ), where h a is the Coxeter number of G a and dim its rank. In a general situation we allow for the gauge group G to break to the commutant of ⊗G, by 22 Here, R, F are the gravitational and gauge field strengths. The coefficients υ a ,υ a depend on the particle content and the sum is over the gauge group G factors G a .
embedding the gauge connections of a number of a product of gauge bundles V a with gauge group G a into G, resulting in the breaking of G into the commutant of ⊗ a G a . In this way, we identify, for manifolds of SU (2) holonomy, the spin connection of K 3 with the gauge group ⊗ a G a , breaking the G symmetry into H. This is the analog of breaking the gauge group E 8 , in manifolds of SU (3) holonomy, by the standard embedding [85] of the SU (3) gauge connection into the spin connection, to the phenomenologically interesting E 6 gauge group.
Comments on the modular integral calculation
Let us apply eqn.(4.40) for the calculation of prepotential in the S-T-U model. Remember that the prepotential for this model was calculated from an ansatz solution. The index for this model is independent [86] of the z particular instanton embedding (n 1 , n 2 ) in the two E 8 factors and is equal to (4.44). We set
The I integral in eqn.(4.38) has been discussed before in [15] . Using the values of the momenta (4.13) in (4.38) and using Poisson resummation we get
where
The integral (4.51) can be calculated using the method of decomposition into modular orbits [16, 33] of P SL(2, Z). There are three contributions to the modular integral. The zero orbit A = 0, the degenerate orbit and the non-degenerate orbit. The zero orbit A = 0
gives no contribution to the I integral. The next orbit that we will examine is the nondegenerate orbit for which the matrix representative is
This integral has been calculated in [15] and it is given 23 by 
This is exactly the moduli dependence on the trilogarithm found indirectly in [34] . 5. Application to rank three N = 2 heterotic string compactifications
We have said that one important aspect of the expected duality is that the vector moduli space of the heterotic string must coincide at the non-perturbative level with the 23 After proper incorporation of the normalization factors of our Ramongd index.
tree level exact vector moduli space of the type IIA theory. For the type IIA superstring compactified on a Calabi-Yau space X the internal (2, 2) moduli space has N = 2 worldsheet supersymmetry for the left and the right movers and is described, at the large complex structure limit of X, by the Kähler 24 moduli, namely B + iJ ∈ H 2 (X, C), where B + iJ = h(1,1)
i=1 (B + iJ) a e a with B a , J a real numbers and t a = (B + iJ) a representing the special coordinates and e a a basis of H 2 (X, C).
In this section we will derive the general form of the equation determining the prepotential form the rank three N = 2 heterotic compactifications. In particular we will examine a type II model admitting a heterotic perturbative dual realization. The heterotic model contains three moduli the dilaton S, the graviphoton, and one moduli the T moduli. It coincides with the corresponding Calabi-Yau dual model at its weak coupling limit.
In order for the heterotic prepotential to match its Calabi-Yau dual at its weak coupling limit a number of conditions are necessary, which we will briefly review them here. The existence of a type II dual to the weak coupling phase of the heterotic string is exactly the existence of the conditions [74] D sss = 0, D ssi = 0 f or every i, , [84] . In the heterotic side they take the form heterotic one's due to duality. In the large radius limit the higher derivative couplings satisfy(the lowest order coupling) The last condition represents [74] the mathematical fact that the Calabi-Yau threefold X admits a fibration Φ such as there is a map X → W , with the base being P 1 and generic fiber the K 3 surface. Furthermore, the area of the base of the fibration gives the heterotic four dimensional dilaton.
In the content of the moduli of the Calabi-Yau space of X, the holomorphic prepotential at the large radius limit takes the form instanton numbers, the numbers of genus zero rational curves, and d i the degrees of the curves. Performing duality tests, at the weak coupling heterotic limit, between a heterotic model and its possible type IIA dual is then equivalent to comparing the weak coupling limit of the prepotential [38] of the vector multiplets for the heterotic string with the large radius limit of (5.4). After identifying the heterotic dilaton with one of the vector moduli of the type IIA model in the form t s = (B + iJ) s = 4πiS, the type IIA prepotential takes the general form [43] 
where we are working inside the Kähler cone [8, 71] 
, where J ρ generate the cohomology group H 2 (X, R) of the Calabi-Yau three fold X.
In [69] it was noticed that the nature of type II-heterotic sting duality test has to come from the K 3 fiber structure over P 1 of the type IIA side. The form of the K 3 fibration can be found [69, 66] by taking for example the CY in P 4 (1, 1, 2k 2 , 2k 3 , 2k 4 ) and then set
we arrive at the equation for the hypersurface
For generic values of λ eq.(5.6) is a K 3 surface in weighted P 3 . So P 4 (1, 1, 2k 2 , 2k 3 , 2k 4 ) is a K 3 fibration fibered over the P 1 base which is parametrized by λ. At the large radius limit of X the heterotic dilaton S is identified as one of the vector multiplet variables as t s = 4πiS. Confirmation of duality between dual pairs is then equivalent to the identification[37]
Here, we have expand the prepotential of the type IIA in its large radius limit, namely large t s . In the heterotic side, we have the tree level classical contribution as a function of the dilaton S and the vector multiplet moduli Φ I , in addition to the one loop correction as a function of only the Φ I .
Dual pairs for which the prepotential in the type IIA theory is known can be mapped to the type IIB using mirror symmetry [76] . Let us review some aspects of the low energy theory of the type IIB superstrings. In Calabi-Yau manifolds, special geometry is associated with the description of their moduli spaces. In type IIB, the H 2,1 cohomology describes the deformation of the complex structure of the Calabi-Yau space M. Now the Kähler metric for the (2, 1) moduli is defined 25 from the Weyl Peterson metric [8, 43, 44, 64] σ ij , namely
and ϕ ikλρ = (∂gρξ/∂t i )Ωx 
Now the Riemmann tensor is defined as 11) where the expression of the Yukawa couplings in a general coordinate system are given by 
The threefold is obtained from the CP 4 , while the K 3 can be obtained from the The prepotential of the type IIB model defined on the mirror manifold X * 8 was calculated in [98] form the study of the Yukawa couplings in [8, 70, 71] as
From the form of the prepotential we can infer that the type II model has a heterotic dual which corresponds to the particular identification of t 2 with the heterotic dilaton and t 1 with the heterotic T moduli. As a result Application of (5.19), using [10, 98] , at the type P where m ∈ Z + ǫ, that are needed due to world-sheet modular invariance.
Conclusions
We have calculated the general equation which calculates directly the one loop perturbative prepotential of N = 2 heterotic string compactifications for any rank three or rank four parameter models. These heterotic string compactifications may or may not have a type II dual compactified on a Calabi-Yau. In general, heterotic vacua with instanton embeddings numbers (12 − n, 12 + n) on the E 8 × E 8 gauge bundle are associated [41, 75] to the elliptic fibrations over the Hirzebrush surfaces F n . Especially, for the families of Calabi-Yau threefolds with Hodge numbers (3, 243) , associated with K 3 fibrations and elliptic fibrations, when n is even the rank three Calabi-Yau is an elliptic fibration over the Hirzebrush surface F 2 or F 0 , while for n odd the rank three models are given in terms of the Hirzebrush surface F 1 . At the heterotic perturbative level all the models, which are coming from complete Higgising of the charged hypermultiplets, with the same Hodge numbers, come from the instanton embeddings (12, 12) , (11, 13) , (10, 14) . However, at the heterotic perturbative level all the models are the same as we have already said. This is clearly seen from the nature of the Ramond index (4.7) which is independent from the particular instanton embedding. In particular, we tested the moduli dependence of the prepotential, coming from the non-degenerate orbit, for the previous SU(2) instanton embeddings, and the (24, 0) one, against the moduli dependence of the prepotential extracted from the one loop corrections to the gauge couplings in [34] . In addition, we calculated the differential equation of the third derivative of the prepotential for the rank four S-T-U model with respect of the complex structure U variable.
The master equation's (4.38), (5.19) open the way for direct testing of the web of dualities, e.g the duality between type I and K 3 × T 2 at their weakly coupled region which was tested via the third derivatives of the one loop prepotential in [120] . However, there are
other dualities which can be tested at the quantum level. For example, if we continue [9] , further compactification on S 1 of F-theory defined on the elliptic Calabi-Yau, we get duality between M-theory on the associated Calabi-Yau three fold and heterotic strings on S 1 .
Further compactification, we get duality between type IIA on Calabi-Yau three folds and heterotic on K 3 × T 2 . Furthermore, the direct way of calculating the holomorphic prepotential in (4.38), (5.19) can calculate the N = 2 central charge and N = 2 BPS spectrum as well the black hole entropy [121, 122] .
A1 Useful relations with modular forms
The functions E 4 , E 6 form the basis of modular forms for the group SL(2, Z) and are defined in term of Eisenstein series of weight four and six. Namely,
Here the prime means that n 1 = 0 if n 2 = 0. Let us provide some useful relations between the basis for modular forms for P SL(2, Z) and △ and the j invariant. With the use of these relations various results appeared in the literature, like those in [56] , [57] can be easily translated to each other. It can be proved that the following relations hold
2) Here, j is the modular invariant function for the inhomogeneous modular group P SL(2, Z).
